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Abstract

A ®nite element model is presented for hydrogen embrittlement of zirconium alloys. The model takes into account

the coupled processes of hydrogen di�usion, non-mechanical energy ¯ow, hydride precipitation, hydride/solid solution

deformation and fracture.The model has been tested successfully against the Sawatzky experiment and exact analytical

solutions on hydrogen di�usion and hydride precipitation under a temperature gradient. Based on this model, the

hydrogen embrittlement of a Zircaloy-2 cracked plate, is studied under tensile stress and temperature gradient. The

initial and boundary conditions are according to those encountered in the fuel cladding of light water reactors during

operation. The strong e�ect of crack tip stress intensi®cation on hydrogen di�usion and initial hydride precipitation

is shown. The problem is also studied by considering near-tip material damage which a�ects hydride precipitation

signi®cantly. Ó 2000 Elsevier Science B.V. All rights reserved.

PACS: 46.50.+a; 81.40.Np; 81.05.Je; 02.70.Dh

1. Introduction

Zirconium alloys are the major structural materials

within the fuel region of light water reactors. They are

invariably used as fuel cladding, fuel channels and often

as fuel assembly spacer grids. During reactor operation,

zirconium alloys pick up part of the hydrogen, which is

released from the oxidation process of zirconium by

water. Hydrogen in solid solution di�uses under the

presence of concentration, temperature, and stress gra-

dients. For example, hydrogen di�uses towards the

colder regions under a thermal gradient or it di�uses

towards the higher hydrostatic stress regions under a

stress gradient [1].

Hydrogen in zirconium alloys has a low solubility

which leads to formation of zirconium hydrides. These

hydrides are brittle and degrade the mechanical prop-

erties of zirconium alloys [2]. These changes in me-

chanical properties need to be considered in component

design-life evaluation. Hence, understanding of hydro-

gen behavior becomes important as fuel burnups are

increased which results in increased corrosion and hy-

drogen pickup [3].

The phenomena of hydrogen di�usion and hydrogen

redistribution in zirconium alloys have been studied

both experimentally and theoretically in the past de-

cades. Sawatsky [4] and Markowitz [5] made early ex-

perimental investigations on thermal di�usion and

redistribution of hydrogen in Zircaloy-2 under temper-

ature gradient. Later Asher and Trowse [6] provided a

descriptive explanation of hydrogen redistribution in

Zircaloy-2 cladding tubes subjected to temperature

gradient while corroding. More recently an analytical

model [7] was developed to explain and predict the hy-

dride distribution observed in fuel cladding of boiling

water reactors, under the presence of axial and radial

temperature gradients. Also Kammenzind et al. [8] have

studied experimentally the hydrogen pickup and redis-

tribution in alpha-annealed Zircaloy-4 in a test reactor
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as well as by performing ex-reactor tests; these results

were evaluated by a phenomenological di�usion model.

The stress-induced movement of hydrogen in zirco-

nium alloys in the presence of hydrides was investigated

by Ells and Simpson [9]. They estimated the reorienta-

tion of hydride which occurs from stress-induced growth

of hydride. Maki and Sato [10] also studied the e�ect of

hydride platelets on thermal di�usion of hydrogen in re-

crystallized Zircaloy-2. They introduced a stress gradient

term in the di�usion equation. They also approximated

the stress e�ect on hydrogen terminal solid solubility.

Their calculations of the radial hydrogen distribution in

a cladding tube, subjected to a temperature di�erence

across the wall, described the experimental results very

well.

The mechanism of hydrogen embrittlement includes

(i) hydrogen di�usion, (ii) energy ¯ow and (iii) formation

of brittle hydrides. All three phenomena are coupled.

Thus, the simulation of damage growth in zirconium

alloy fuel cladding, caused by hydrogen embrittlement,

requires the simultaneous solution of hydrogen di�usion,

energy ¯ow, material deformation and fracture. The

numerical procedure, presented in this study, takes into

account hydride formation and extends previous studies

on coupled hydrogen di�usion and material deformation

[11], in order to incorporate hydrogen thermal di�usion

[12] and energy ¯ow. Consequently, the present model

can take into account important temperature gradient

e�ects on hydrogen redistribution [7]. Initial damage

growth is also considered by using the de-cohesion model

for fracture (e.g. [13±15]).

The primary objective of the paper is the presenta-

tion of a hydrogen embrittlement model, which takes

into account the coupling of the above mentioned

physical processes. Based on this model, the strong

e�ects of crack tip stress intensi®cation and material

damage on hydrogen di�usion and initial hydride

precipitation are shown. The physical mechanism of

delayed hydride cracking, observed in zirconium alloys

can be also simulated by using the present model [16].

However, this simulation is beyond the scope of the

present introductory study and it will be discussed in a

separate paper.

The structure of the paper is as follows. In Section 2,

the equations governing hydrogen di�usion, hydride

formation, energy ¯ow and material deformation and

fracture are presented. In Section 3 the ®nite element

implementation of the governing equations is brie¯y

discussed. Section 4 presents the numerical simulation of

SawatzkyÕs hydrogen thermal di�usion experiments [4],

in order to test the accuracy of the numerical model;

when hydrogen is in solid solution, the ®nite element

results are compared with analytical expressions in Ap-

pendix A. The simulation of hydrogen embrittlement in

a cracked plate, under tensile stress and temperature

gradient is presented in Sections 5 and 6. The initial and

boundary conditions approach those encountered in

nuclear fuel cladding, during reactor operation. Finally,

concluding remarks are given in Section 7.

In the present study Zircaloy-2 and d-hydride

(ZrH1:66) are considered. All material properties, re-

quired for the simulation, are given in Table 1.

Table 1

Material properties, used in ®nite element calculations, which correspond to Zircaloy-2 and d-hydride (ZrH1:66). The source of the

information is included

E, m 80.4 GPa, 0.369 Ref. [27]

Ei;Ef 80.4 GPa, 80.4 GPa Assumption

rZr; rhr 1740 MPa, 580 MPa Ref. [27], (rZr is assumed to be equal to 3�(irradiated

material yield stress))

KZr
I 30� 0:045�T ÿ 300� MPa

p
m Ref. [38]

Khr
I 3:22� 0:02205�T ÿ 300� MPa

p
m Ref. [27]

d0 2 lm Assumption

DH 2:17� 10ÿ7 exp�ÿ35087:06=RT � m2/s Ref. [4]

QH 25122 J/mol Ref. [4]

CTS 6:3741� 105 exp�ÿ34542:75=RT � mol/m3 Ref. [39], (experimental data which include hydride

accommodation strain energy)

CH;hr 1:02� 105 mol/m3 Calculation
�V H; �V Zr; �V hr 7� 10ÿ7; 14:06� 10ÿ6; 16:3� 10ÿ6 m3/mol Ref. [40] for V

H
, [41] for V

hr
, �V Zr was calculated

hhr; hH 0.1636, 0.1 Ref. [41] for hhr, assumption for hH

x 1.66 d-hydride (ZrHx) (e.g. [21])

q 6490 kg/m3 Pure zirconium density

DH
hr

)63517.41 J/mol Calculation, based on the experimental terminal solid

solubility of hydrogen

k 9:37683� 0:0118T W / m K Ref. [42]

cp 226:69� 0:206639T ÿ 6:4925� 10ÿ5T 2 J/K kg Ref. [42]

a 5:96� 10ÿ6Kÿ1 Average value, based on [42]
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2. Governing equations

2.1. Thermodynamic equations of motion

Energy ¯ow and di�usion of mass are generally

coupled processes. A detailed discussion and relevant

references for the thermodynamic treatment of energy-

¯ow/di�usion as well as of other coupled phenomena are

presented by Denbigh [12].

According to the empirical laws of irreversible pro-

cesses, under a wide range of experimental conditions,

the irreversible ¯ows are linear functions of thermody-

namic forces. For example, FourierÕs law for heat con-

duction expresses that the components of the heat ¯ow

are linear functions of the components of temperature

gradient, and FickÕs law establishes a linear relation

between the di�usion ¯ow of matter and the concen-

tration gradient. Also included in these descriptions are

laws of cross-phenomena such as thermal di�usion, in

which the di�usion ¯ow depends linearly on both the

concentration and temperature gradients. Near equilib-

rium the currents, Ji, are approximated by the linear

relations:

J E
i � LEX E

i � LEHX H
i ; �1�

J H
i � LHEX E

i � LHX H
i ; �2�

where JE
i and J H

i are the non-mechanical energy ¯ux and

the hydrogen ¯ux, respectively. The quantities LE, LH,

LEH and LHE are phenomenological coe�cients. Note

that LEH � LHE due to Onsager reciprocity relation [12].

X E
i and X H

i denote the thermodynamic forces driving

energy ¯ow and hydrogen di�usion, respectively. They

are given by the following relations:

X E
i � ÿ

1

T
oT
oxi

; �3�

X H
i � ÿT

o
oxi

lH

T

� �
: �4�

T is the absolute temperature and lH the chemical po-

tential of hydrogen in solid solution. It can be shown

that, according to relations (3) and (4), the rate of in-

ternal generation of entropy per unit volume equals to

�JE
i X E

i � J H
i X H

i �=T . It is noted that the energy ¯ux in-

cludes conducted heat, which is described by Fourier's

law, and the energy transported by the di�using hy-

drogen.

2.2. Hydrogen di�usion

Under temperature and chemical potential gradients,

the hydrogen ¯ux in a zirconium alloy satis®es the fol-

lowing relation:

J H
k � ÿ�1ÿ f �D

HCH

RT
olH

oxk

�
� QH

T
oT
oxk

�
; �5�

where R is the gas constant (� 8.314 J/K mol), f the

hydride volume fraction and CH; DH and QH are the

concentration, the di�usion coe�cient and the heat of

transport of hydrogen in solid solution, respectively.

Relation (5) is derived by considering the relation for

hydrogen ¯ux in the solid solution (e.g. [1,4]) and ne-

glecting hydrogen di�usion in the hydride, which is rel-

atively very slow.

Conservation of hydrogen mass for an arbitrary

volume and divergence theorem leads to the di�erential

equation, which governs hydrogen di�usion:

dCHT

dt
� ÿ oJ H

k

oxk
: �6�

Note that the total hydrogen concentration, CHT, is re-

lated to the concentration of hydrogen in solid solution,

CH, and the hydride concentration, CH;hr, as follows:

CHT � fCH;hr � �1ÿ f �CH; �7�

where CH is de®ned with respect to the volume occupied

by the solid solution, i.e. (1 ) f)V. CH is equal to the

hydrogen terminal solid solubility, CTS, when f 6� 0.

Similarly CH;hr is de®ned with respect to the volume

occupied by the hydride, i.e. fV , and therefore it can be

considered constant, independent of temperature.

2.3. Non-mechanical energy ¯ow

By employing relation (5) for hydrogen ¯ux as well as

the ¯ow equations of irreversible thermodynamics (1±2),

one may derive the relation for non-mechanical energy

¯ux [17]

JE
i � �QH � lH�J H

i ÿ k
oT
oxi

: �8�

k is the thermal conductivity of zirconium alloy which

has been taken equal to the thermal conductivity of the

hydride. Note that in (8) the ®rst term of the right-hand

side is related to the energy transported by hydrogen

atoms, while the second term is the conducted heat,

governed by the empirical law of Fourier.

The governing equation for energy ¯ow is derived, by

considering the di�erential equation for the conservation

of energy

q
du
dt
� rij

deij

dt
ÿ oJ E

k

oxk
; �9�

where q; u; rij and eij are materialÕs density, internal

energy per unit mass, stress and strain tensors, respec-

tively, as well as by considering continuum thermody-

namics based on a caloric equation of state (e.g. [18]).
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Then, for a particle of the continuum, the internal en-

ergy variation satis®es the following relation:

q
du
dt
� qT

ds
dt
� rij

deij

dt
� lH dCHT

dt
; �10�

where s is the speci®c entropy. Relation (10) is derived in

[17] by assuming that hydride precipitation occurs under

equilibrium conditions

lhr � lZr � xlH; �11�
where lZr is the chemical potential of zirconium and lhr

is the chemical potential of the hydride (ZrHx). By ma-

nipulating (6), (9) and (10) the governing equation for

energy ¯ow is derived [17]

qcp
dT
dt
� DH

hr

V
hr

df
dt
� o

oxi
k

oT
oxi

� �
ÿ J H

n

olH

oxn
; �12�

where cp is the speci®c heat of Zr-alloy at constant

pressure, which is assumed to be equal to the speci®c

heat of the alloy under constant stress, DH
hr

is the

enthalpy associated with the formation of a mole of

hydride and V
hr

is the molal hydride volume.

2.4. Hydrogen chemical potential and terminal solid

solubility in Zirconium under stress

According to the discussion in Sections 2.1 to 2.3, the

simulation of hydrogen di�usion and energy ¯ow re-

quires the knowledge of the hydrogen chemical potential

and terminal solid solubility. Both quantities depend on

applied stress. The derivation, which is presented in

detail in [17], is based on the study by Li et al. [19].

If it is assumed that the hydrogen dissolution has no

e�ect on the elastic moduli of zirconium alloy, the

chemical potential of hydrogen, being in solid solution

in zirconium alloy under stress, is given by the following

relation:

lH � lH;0 � V
H
�

1
2
Mijklrijrkl ÿ 1

3
rmm

�
; �13�

where lH;0 is the hydrogen chemical potential under

stress-free conditions, V
H

is the molal hydrogen volume

in solid solution and Mijkl is the elastic compliance tensor

of zirconium alloy. The ®rst term in parenthesis can be

neglected for being relatively small. Then a relation is

derived, which is more often used in literature. When an

ideal solution is considered, the stress-free chemical

potential is well-known:

lH;0 � lH;RS � RT ln CHV
ÿ �

; �14�
where lH;RS is the chemical potential of hydrogen in a

ÔstandardÕ (i.e. reference) state and V is the molal volume

of solid solution.

Hydride precipitation occurs when the concentration

of hydrogen in the solid solution exceeds the terminal

solid solubility. Due to the expansion of the hydride,

during formation, as well as due to the e�ect of stress on

hydrogen chemical potential, the terminal solid solubil-

ity depends also on the applied stress

CTS � CTS;0 exp
wacc � wint

xRT

� �
exp

V
H

RT
rmm

3

�"
ÿ 1

2
Mijklrijrkl

�#
; �15�

where CTS;0 is the hydrogen terminal solid solubility

under stress free conditions; wacc and wint are the strain

energy of accommodation and the interaction strain

energy per mole of hydride, respectively. They are given

by [20]

wacc � ÿ 1
2

Z
V

hr
rI

ije
T
ij dV ; �16�

wint � ÿ
Z

V
hr

rije
T
ij dV : �17�

The hydride transformation strain, eT
ij, under no external

loading leads to the development of compressive stresses

in the hydride, rI
ij. Transformation strain is assumed to

be isotropic in the present study. A simpli®ed version of

relation (15) which does not include the elastic compli-

ance term has been presented by Puls [21]. Note that the

experimental studies for the calculation of hydrogen

terminal solid solubility in zirconium alloy provide data,

which incorporate hydride accommodation e�ect.

2.5. Solid solution ± hydride elastic deformation

In the present mathematical formulation all material

phases are taken as elastic. It is also assumed that the

elastic properties of hydride and solid solution are

identical and do not depend on hydrogen concentration.

The same assumption has been made in previous studies

on hydride induced embrittlement (e.g. [11,22]).

The material deformation is coupled with hydrogen

di�usion and energy ¯ow due to the strains, which are

caused by hydrogen dissolution, hydride formation and

thermal expansion:

drij

dt
� Mÿ1

ijkl

deij

dt

 
ÿ deH

ij

dt
ÿ deE

ij

dt

!
; �18�

Mÿ1
ijkl � kdijdkl � l dikdjl

ÿ � dildjk

�
; �19�

deH
ij

dt
� 1

3
dij

d
dt f hhr
h

� �1ÿ f �CHV
Zr

hH
i
; �20�

deE
ij

dt
� adij

dT
dt
; �21�

where k; l are the Lam�e constants for Zr-alloy; hhr � eT
kk

is the hydride expansion, occurring during its precipi-
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tation and hH is the expansion of the zirconium lattice,

when a mole of hydrogen corresponds to a mole of

zirconium in solid solution. V
Zr

is the molal volume of

zirconium. A relation similar to (20) has been also used

in [11]. Finally, a is the thermal expansion coe�cient of

Zr-alloy.

2.6. De-cohesion model

Ahead of the crack tip there is a fracture process

zone, where material deteriorates in a ductile (void

growth and coalescence) and/or brittle (hydride cleav-

age) mode. According to the de-cohesion model, the de-

cohesion layer, which is a slice, as thick as the fracture

process zone, is taken o� the material, along the crack

path. Along the boundaries, created by the cut, the co-

hesive traction is applied. All information on the dam-

age is contained in the distribution of the cohesive

traction, which depends on the de-cohesion layer

boundary displacements. The shape of the traction-dis-

placement function depends on the failure process.

However, in the case of tensile separation, the most

important features are the maximum cohesive traction,

rmax, and the energy of de-cohesion, /0

/0 �
Z dc

0

rn ddn; �22�

where rn is the normal cohesive traction and dn is the

respective normal displacement which equals the sum of

the displacements on both sides of the de-cohesion layer.

Also dc is the normal displacement, which corresponds

to complete failure and consequently to zero normal

cohesive traction. Details of the model have been pre-

sented in previous publications (e.g. [23,24]). The model

has been used for the solution of several fracture prob-

lems (e.g. [13±15]).

In the present study, cohesive traction is assumed to

vary according to the following relation:

rn �
Ei

dn
d0
; dn6 dl;

rmax; dl6 dn6 df ;

rmax ÿ Ef
dnÿdf

d0
; df 6 dn6 dc;

0; dc6 dn;

8>><>>: �23�

where d0 is a constant length of the order of hydride

thickness �d0 � 2 lm�; Ei and Ef are the de-cohesion

moduli, which are assumed to be constant; dl is the

normal displacement at initiation of damage, at which

maximum cohesive traction is reached. Unloading starts,

when normal displacement exceeds df . Note that df de-

pends on rmax and /0 according to the following relation:

df �
�
/0 � 1

2
r2

maxd0

1

Ei

�
ÿ 1

Ef

��
rÿ1

max: �24�

The relations for the energy of de-cohesion and the

maximum cohesive traction as well as their derivation,

based on experimental measurements, are discussed in

the following. As shown by Rice [25], the energy of de-

cohesion, related to a cohesive zone ahead of a crack tip,

in an elastic material, is equal to the critical value of J-

integral, when fracture is imminent:

/0 � Jc � 1ÿ m2

E
K2

Ic: �25�

Jc and KIc are the critical values of J-integral and stress

intensity factor (e.g. [26]), respectively. Also E and m are

YoungÕs modulus and PoissonÕs ratio of the material.

Consequently, the de-cohesion energy is the energy re-

quired per unit crack advance. Ahead of the crack, the

material is a composite made of brittle hydride and

tough zirconium alloy. Therefore the fracture toughness

of the material, expressed by the energy of de-cohesion,

depends on hydride volume fraction, f, along the crack

plane. A mixture rule has been assumed to describe the

energy of de-cohesion of the composite material

/0 � f /hr
0 � �1ÿ f �/Zr

0 : �26�

/Zr
0 is the de-cohesion energy of the material, when there

is no hydride along the crack plane over a distance from

the crack tip X � d0; i.e. f � 0, along the crack plane

over the distance X. Therefore, /Zr
0 satis®es the following

relation:

/Zr
0 �

�1ÿ m2�
E

�KZr
I �2; �27�

where KZr
I is the critical stress intensity factor for zir-

conium alloy. Table 1 provides values for KZr
I as a

function of temperature, obtained from experimental

data.

In (26), /hr
0 is the energy of de-cohesion, when there is

only hydride along the crack plane over a distance from

the crack tip X � d0; i.e. f � 1, along the crack plane

over the distance X. Note that the hydride is surrounded

by zirconium alloy. According to previous studies (e.g.

[22,27]), the geometry of a long hydride, along the crack

plane, corresponds to the threshold stress intensity fac-

tor for delayed hydride cracking. Therefore /hr
0 is given

by the following relation:

/hr
0 �
�1ÿ m2�

E
�Khr

I �2; �28�

where Khr
I is the threshold stress intensity factor for

delayed hydride cracking. In Table 1 we provide values

for Khr
I as a function of temperature, obtained from

experimental data on Zircaloy-2. Note that, according

to the experimental data, the threshold stress intensity

factor for delayed hydride cracking at 570 K is about 9

MPa
����
m
p

. Experimental data on Zr±2.5Nb provide also

relatively high values for the threshold stress intensity

factor at elevated temperatures [22]; for example the

threshold stress intensity factor for Zr±2.5Nb is about 10
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MPa
����
m
p

at 550 K. The experimental values of the

threshold stress intensity factor include both the energy

required for the generation of the new surface, due to

crack growth, as well as any plastic dissipation in the

zirconium alloy matrix, which surrounds the crack tip

hydride. By taking Khr
I equal to the experimentally de-

rived threshold stress intensity factor, the plastic dissi-

pation near the crack tip has been also taken into

account.

When crack growth is imminent or during crack

growth, the material is damaged over a distance from

the crack tip of the order the characteristic length, as-

sociated with the failure process. At the beginning of the

damage zone, at the current crack tip, material is com-

pletely damaged and it cannot sustain signi®cant trac-

tion. At the end of the damage zone, away from the

crack tip, material damage initiates and therefore the

maximum cohesive traction is sustained [24]. The zir-

conium alloy can sustain di�erent maximum cohesive

traction from that of the hydride. Therefore the maxi-

mum cohesive traction of the composite material along

the crack plane depends on the hydride volume fraction.

In the present analysis, the maximum cohesive traction

is given by the following relation:

rmax �
������������������������������������
f r2

hr � �1ÿ f �r2
Zr

q
; �29�

which is derived by assuming that the part of de-cohe-

sion energy during loading satis®es a relation similar to

(26). In (29), rZr is the maximum cohesive traction,

sustained by the material, when crack growth is immi-

nent or during crack growth and when there is no hy-

dride along the crack plane over a distance from the

crack tip X � d0. According to analytical and numerical

studies for the crack tip ®eld in elastic plastic materials

(e.g. [28±30]), the maximum hoop stress, along the crack

plane, is nearly equal to three times the yield stress of the

material. Therefore, the maximum cohesive traction,

rZr, which is equal to the maximum hoop stress along

the crack plane, when crack growth is imminent or

during crack growth, is taken equal to three times the

yield stress of the material. Note that, in the present

study, the zirconium alloy has been assumed to be linear

elastic in the bulk of the body. However, in deriving the

de-cohesion constitutive relations, the elastic±plastic

behavior of zirconium alloy has been considered. In

other words, it has been assumed that plastic ¯ow is

limited in the de-cohesion layer.

In relation (29), rhr denotes the maximum cohesive

traction, sustained by the material, when crack growth is

imminent or during crack growth and when there is only

hydride along the crack plane over a distance from the

crack tip X � d0. d-hydride is a brittle phase. It is as-

sumed that a brittle phase fractures, when a critical

principal stress is applied, which is equal to the fracture

strength of the phase. Consequently rhr is assumed to be

equal to the hydride fracture strength. Shih and Puls [22]

provide an estimate of hydride fracture strength which is

considered to be proportional to YoungÕs modulus of

the material. Table 1 presents the value of hydride

strength, obtained by using Shi±Puls relation, also used

in [27].

Consider a particle of the de-cohesion layer ahead of

a crack tip. Due to hydrogen di�usion and hydride

formation, hydride volume fraction changes locally with

time. Consequently the de-cohesion properties at the

particle, under consideration, change with time. Maxi-

mum cohesive traction is reached, when dn corresponds

to a normal traction, satisfying relation (29). As time

increases, de-cohesion energy continues to change ac-

cording to relation (26). Unloading starts, when relation

(24) is satis®ed. It is assumed that de-cohesion energy

does not change during unloading.

The de-cohesion model is a mathematical/numerical

tool for the simulation of damage and crack growth. It

has been used for the simulation of delayed hydride

cracking [16], which is a physical failure mechanism

operating in zirconium alloys. In the present study, only

the initial development of damage is considered. The

simulation of delayed hydride cracking will be presented

in a following paper.

3. Finite element implementation

The ®nite element implementation of the constitutive

relations for the deformation and de-cohesion problem

has been discussed in previous papers (e.g. [23,24]). The

implementation is based on the principle of virtual work.

In the following a short discussion is presented for the

®nite element implementation of the governing Eqs. (6)

and (12) for hydrogen di�usion and non-mechanical

energy ¯ow, respectively.

The governing equations are supplemented by the

following initial and boundary conditions:

CHT � CH
0 at t � 0; �30�

T � T0 at t � 0; �31�

CHT � CH
b on Sb; �32�

JH
k nk � uH on Su: �33�

T � Ts on ST ; �34�

ÿk
oT
oxi

ni � uE on SF ; �35�

where CH
0 and T0 are the initial hydrogen concentration

and temperature which may vary within material vol-

ume V. If CH
0 is larger than the hydrogen terminal solid
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solubility, the initial hydrogen concentration in the solid

solution equals the terminal solid solubility and the

initial hydride volume fraction is calculated according to

(7). A similar comment is valid for CH
b which is the

prescribed hydrogen concentration on Sb, a part of the

bounding surface S. Note that, for the calculation of

CTS, stress and temperature distributions have to be

taken into account. uH is the prescribed hydrogen ¯ux

on Su and Ts is the prescribed temperature on ST . Also

uE is the prescribed heat ¯ux on SF . Note that

Sb [ Su � S and ST [ SF � S. The quantities CH
b , uH, Ts

and uE may vary with time. The above general bound-

ary conditions are specialized in order to approach the

fuel cladding conditions which are encountered during

the operation of the reactor [7].

The ®nite element equations are derived from varia-

tional descriptions of di�usion and energy ¯ow. For this

purpose variations of hydrogen concentration, dCH, and

temperature, dT , are considered, which satisfy the

boundary conditions. Therefore:

dCH � 0 on Sb; �36�

dT � 0 on ST : �37�

Relation (6) is multiplied by a hydrogen concentration

variation, satisfying (36). Subsequently it is integrated

over the volume V. After some elaboration the following

expression is derived, which is valid at any time t:Z
V

dCH dCHT

dt
dV

� ÿ
Z

Su

dCHuH dS ÿ
Z

V
1� ÿ f �DH oCH

oxk

o dCH� �
oxk

dV

ÿ
Z

V
1� ÿ f �

 
ÿ DHV

H

3RT
ormm

oxk
� DHQH

RT 2

oT
oxk

!

� CH o dCH� �
oxk

dV : �38�

Similarly, relation (12) is multiplied by a temperature

variation, satisfying (37). Subsequently it is integrated

over the volume V and the following expression is de-

rived, which is valid at any time t:Z
V

dT qcp
dT
dt

dV �
Z

V
dT

DH
hr

V
hr

df
dt

dV

� ÿ
Z

SF

dT uEdS ÿ
Z

V
k

oT
oxi

o dT� �
oxi

dV

ÿ
Z

V
dT J H

n

olH

oxn
dV : �39�

Spatial discretization is obtained by introducing the

usual ®nite element interpolation for hydrogen concen-

tration, hydride volume fraction, temperature and dis-

placement. Direct integration of Eqs. (38) and (39), as

well as of the respective equations for material defor-

mation and de-cohesion, is performed. For this purpose,

time derivatives are calculated by considering linear

hydrogen concentration, hydride volume fraction and

temperature variations over a time interval Dt. Details

are given in [31].

4. Simulation of Sawatzky's experiment

A Zircaloy-2 cylinder of 1.2 cm in diameter and 2.5

cm in length, with initial uniform hydrogen concentra-

tion 130 ppm by weight (� 837 mol/m3) was subjected to

a temperature di�erence of 347°C for 34 days [4]. Hot

and cold end temperatures of 477°C and 130°C, re-

spectively, were imposed by placing the specimen be-

tween a heated stainless steel cylinder and a water-

cooled brass plate. Glass wool was wrapped around the

specimen to reduce heat losses through the cylindrical

surface of the specimen. Also any hydrogen losses were

minimized by developing, before the experiment, an

oxide surface layer which is impermeable to hydrogen.

The experiment was simulated by considering a

cross-section containing the axis of the cylindrical

specimen. The initial conditions were CHT�t � 0�� 837

mol/m3 and T �t � 0� � 750� �403ÿ 750�x1=0:025 K. In

addition to the prescribed temperatures, given above, it

was considered that the heat ¯ux was zero at the rest of

the boundary. Finally, the hydrogen ¯ux was taken

equal to zero everywhere at the boundary. The problem

was solved by considering only energy ¯ow and hydro-

gen di�usion. The development of compressive stresses,

in the area of hydride formation was neglected, due to

the small value of hydride volume fraction. The nu-

merical results are presented in Fig. 1 together with the

experimental data [4]. The agreement between ®nite el-

ement and experimental results is very good. Note that

Marino has been also successfully simulated Sawatzky's

experiment by using the same material properties [32].

Fig. 1. Hydrogen distribution in a Zircaloy-2 cylinder, after a

34-day anneal under a temperature di�erence 130±477°C; ex-

perimental [4] and ®nite element results.
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In Appendix A, a similar problem is considered for

hydrogen concentration below terminal solid solubility;

in this case, the ®nite element results are successfully

compared with an exact analytical solution.

5. Hydride formation and damage ahead of a crack

5.1. Boundary value problem

The present boundary value problem has been de-

signed in order to estimate the e�ect of surface cracks on

initial hydride precipitation and damage in the cladding

of light water reactor fuel rods. The most critical case

corresponds to a crack along the rod axis. During re-

actor operation, the rod is subjected to external pressure

by coolant water, internal pressure by helium gas and

®ssion products, as well as to stresses, caused by fuel

pellet-cladding mechanical interaction [33]. The com-

bined e�ect may lead to the development of signi®cant

tensile hoop stresses. On the external rod surface, zir-

conium oxidation by coolant water leads to the gener-

ation of hydrogen, which subsequently di�uses in the

cladding. The heat, which is generated in the fuel pellet,

is transferred through the cladding to the water. The

heat transfer process leads to the development of tem-

perature gradients in the fuel cladding with signi®cant

e�ects on hydrogen distribution [7].

The development of external axial cracks has been

observed in experiments, conducted by ABB Atom; fuel

rods hydrided signi®cantly, during service, have been

used in ramp tests. Cracks can also develop on the inner

side of a cladding tube, due to stress corrosion cracking

caused by iodine and/or caesium, which are produced

during nuclear ®ssion. However, this mechanism is not

under consideration.

In the present preliminary study, the geometry has

been approximated by a cracked plate. Note that this

approximation is good for small cracks and initial

damage growth. In the present problem the crack length

is less than 1/60 of the cladding tube inner radius [7].

Also the di�erence between the temperature distribu-

tions in the cladding cylinder, under consideration [7],

and a plate of the same thickness, both subjected to the

same surface temperatures, is negligible. The boundary

value problem is shown in Fig. 2. The plate thickness, w,

is taken to be equal to the actual cladding wall thickness

(in this case w� 0.8 mm). A long planar surface crack of

depth a �� 0:1w� has been considered on one side. A

remote tensile stress, rap, is applied normal to the crack

faces. The stress builds up gradually at a rate of 10 MPa/

s, according to previous studies for pellet-cladding me-

chanical interaction [33]. The remote stress is considered

to be constant after the maximum of 300 MPa is

reached.

The oxidation process is assumed to produce a con-

stant in¯ow of hydrogen on the crack-side surface of the

plate, which is equal to 0.122 ´ 10ÿ7 mol/(m2 s) [7]. The

same in¯ow of hydrogen is also assumed to occur on the

crack faces. A zero hydrogen ¯ux is considered on the

other side of the plate, where stress and temperature

gradients do not allow hydrogen out¯ow. Symmetry

conditions require also zero hydrogen ¯ux on the crack

plane as well as on the remote plane, where rap is ap-

plied. The initial hydrogen distribution is assumed to be

uniform, equal to 2500 mol/m3 �� 388 ppm�, which

corresponds to 1900 days of reactor operation according

to reference [7].

The temperature on both plate surfaces is constant,

being equal to 567 K, on the crack side, and 607 K, on

the other side. The initial temperature distribution is

assumed to be linear across the thickness of the plate.

The temperature distribution is in agreement with pre-

vious studies on hydrogen and temperature distribution

in fuel cladding [7]. Symmetry conditions require that

the heat ¯ux is zero on the crack plane as well as on the

remote plane, where rap is applied.

Fig. 3(a) shows the ®nite element mesh for only half

of the plate, needed to be analyzed. 1079 quadrilaterals,

made of four cross triangles, have been used. On the

triangular level, the ®rst member of the triangular ele-

ment family is considered, with three nodes at the ver-

Fig. 2. Boundary value problem for the simulation of hydrogen

embrittlement of a Zircaloy-2 cracked plate under tension and

temperature gradient. Due to symmetry with respect to x1-axis,

only the upper half of the plate has been analyzed. When ma-

terial damage is neglected, there is no de-cohesion layer, along

the crack plane.
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tices. The near tip region of the ®nite element mesh and

the coordinate system is shown in Fig. 3(b). The x1-axis

is normal to the crack front and lies on the crack plane.

The crack has a circular pro®le at the tip with radius

r � 0:5 lm. According to the boundary conditions, no

variation of the ®eld quantities occurs along the crack

front and plane strain conditions prevail.

Numerical simulations have been performed for a

period of 150 s. Two cases have been considered: (i) a

perfect material without any damage ahead of the crack

tip and (ii) damage growth ahead of the crack tip by

using de-cohesion model.

6. Discussion

According to the discussion in Section 2, hydrogen

redistribution is a�ected by concentration, stress and

temperature gradients. Their combined e�ect on hydride

precipitation near the crack tip is presented in Fig. 4,

where the hydride volume fraction distribution along the

crack line is shown as time progresses. The results in Fig.

4 were derived by neglecting material damage, ahead of

the crack tip. Consequently, near tip stresses are larger

than those which can be sustained by the material,

leading to over-estimation of hydride volume fraction

near the crack tip. This e�ect is clari®ed later on when

the de-cohesion model results are presented. However,

the expected hydrogen embrittlement mechanism is

veri®ed; hydrogen di�uses towards the crack tip, hydride

precipitates and, if the remote loading is large enough,

the hydride fractures and the crack advances. Indeed

hydride volume fraction increases signi®cantly, after a

few seconds, as the crack tip is approached; note that the

initial hydride volume fraction in the near-tip region,

without any application of remote loading, is equal to

0.02.

The crack tip ®eld plays a signi®cant role on hydro-

gen embrittlement by a�ecting (i) hydrogen ¯ux and (ii)

hydrogen terminal solid solubility. Fig. 5 shows the

distribution of the quantity rkk=rap

ÿ � ���������
x1=a

p
along the

crack line as time progresses, when material damage is

neglected. Similar results have been also derived by us-

ing de-cohesion model. Note that the square root sin-

gularity dominates at distances larger than 25 lm which

Fig. 4. Hydride volume fraction distribution along the crack

line, as time progresses. No material damage has been consid-

ered.

Fig. 5. Normalized stress trace distribution along the crack

line, as time progresses.

Fig. 3. Finite element mesh, used for the simulation of hydride

formation and damage ahead of a crack: (a) upper half of the

plate; (b) near-tip region.
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is an order of magnitude larger than the expected hy-

dride thickness. Indeed, according to the K-®eld distri-

bution along the crack plane (see for example [26]), the

stress trace is given by the following relation:

rkk � 2�1� m�KI����������
2px1

p ; �40�

where KI is the stress intensity factor of the dominating

mode-I K-®eld. Consequently the normalized stress

trace, presented in Fig. 5, is constant within the annulus

of K-®eld dominance

rkk

rap

����
x1

a

r
�

���
2
p �1� m�KI

rap
������
pa
p � const: �41�

Note that, according to Fig. 5, the normalized stress

trace is nearly equal to 2.2 for x1 > 25 lm. Therefore,

one may calculate, by using relation (41), that the stress

intensity factor of the dominating K-®eld is nearly equal

to 5.5 MPa
����
m
p

.

Near the crack tip, the stress trace deviates from the

K-®eld distribution due to the expansion of the precip-

itated hydride and the development of compressive

stresses, mainly perpendicularly to the (x1, x2) plane.

The e�ect of stress on hydrogen terminal solid solu-

bility is shown in Fig. 6. The hydrogen concentration in

the solid solution is presented along the crack line, as the

time progresses. Note that, due to the presence of hy-

dride, the hydrogen concentration is identical to the

terminal solid solubility. As remote loading increases,

for t < 30 s, near tip hydrostatic stress increases. Con-

sequently, according to relation (15), the hydrogen ter-

minal solid solubility decreases. For t>30 s, the

compressive stresses, which are associated with hydride

precipitation, lead to the decrease of near tip hydrostatic

stress. For this reason the hydrogen terminal solid sol-

ubility increases near the crack tip for t > 30 s, a�ecting

hydride precipitation.

The contribution of stress, temperature and concen-

tration gradients on total hydrogen ¯ux towards the

crack tip is presented in Fig. 7, for t � 5 s. All the terms

direct hydrogen towards the crack tip. The stress gra-

dient has a dominant contribution over distances of the

order of hydride thickness. However, at a distance away

from the crack tip, which is an order of magnitude larger

than hydride thickness (i.e. at a distance larger than 20

lm) the e�ect of temperature gradient becomes more

important. Note that, due to the energy ¯ow boundary

conditions and the geometry, the temperature gradient is

nearly constant leading to a slightly changing hydrogen

¯ux contribution everywhere in the fuel cladding. The

temperature gradient contribution decreases signi®-

cantly only in the near tip region, due to the precipita-

tion of hydride. It is also interesting to mention, that the

concentration gradient e�ect on hydrogen ¯ux increases

as the crack tip is approached. This trend is attributed to

the decrease of the hydrogen terminal solid solubility,

which is caused by the stress ®eld, shown in Fig. 6. Both

Figs. 6 and 7 show the strong e�ects of stress on hy-

drogen di�usion and terminal solid solubility. Conse-

quently, they show the importance of introducing the

stress terms in relations (13) and (15) for hydrogen

chemical potential and terminal solid solubility, respec-

tively.

The e�ect of near tip material damage on hydrogen

redistribution is taken into account by considering de-

cohesion model. The ®nite element calculations are re-

peated by using the hydrogen embrittlement model

coupled with the de-cohesion model. Near tip damage

growth is shown in Fig. 8, where LD is the damage zone

size along the crack plane, being equal to the maximum

distance from the crack tip, over which cohesive traction

has reached the maximum value, sustained by the ma-

terial

LD � max x1�r22f � rmax� ÿ rg: �42�
Material damage includes Zircaloy-2 yielding and pos-

sibly local fracture of hydride platelets, within the de-

cohesion layer. The damage growth, produced by the

application of the remote loading of 300 MPa, is not
Fig. 6. Distribution of hydrogen concentration in solid solution

along the crack line, as time progresses.

Fig. 7. Hydrogen ¯ux distribution along the crack line. The

contributions of hydrogen concentration, stress and tempera-

ture gradients are presented separately. All ¯uxes are directed

towards the crack tip.
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associated with complete material failure at or near the

crack tip. Indeed, according to the material properties,

presented in Table 1, the threshold stress intensity factor

of Zircaloy-2 for delayed hydride cracking, Khr
I , is about

equal to 9 MPa
����
m
p

at 570 K. This value is larger than

the stress intensity factor of the dominating K-®eld,

according to the previous discussion.

Material damage limits the stress level near the crack

tip and consequently reduces hydrogen ¯ux and accu-

mulation. The hydride volume fraction distribution

along the crack line, derived by using de-cohesion

model, is presented in Fig. 9, for the same time intervals

as in Fig. 4. Indeed, according to Figs. 9 and 4, material

damage results into signi®cantly smaller hydride volume

fraction near the crack tip. Fig. 9 also shows that, by

introducing material damage, the numerical simulation

predicts hydride precipitation at some distance from the

crack tip. Thus, a thin ligament develops between the

crack tip and the near tip hydride. The hydride volume

fraction is relatively small in this ligament. In recent

delayed hydride cracking simulations [16], a hydride of

length about equal to 10 lm fully develops (i.e. f > 0:9)

at some distance, of the order of lm, from the crack tip.

Subsequently the hydride fractures and leaves behind a

ligament, which is stretched plastically. Note that the

mechanism of crack growth by hydride formation and

fracture, which leaves behind intact ligaments, has been

observed in delayed hydride cracking experiments for

Zr±2.5Nb alloy [34].

7. Conclusions

A robust mathematical model for the hydrogen em-

brittlement of zirconium alloys has been developed. The

model takes into account the coupling of the operating

physical processes, namely: (i) hydrogen di�usion, (ii)

hydride precipitation, (iii) non-mechanical energy ¯ow

and (iv) hydride/solid-solution deformation. Material

damage, is also simulated by using de-cohesion model,

which takes into account the time variation of energy of

de-cohesion and maximum cohesive traction, due to the

time-dependent hydride precipitation.

The hydrogen embrittlement model has been imple-

mented numerically into a ®nite element framework. It

has been also tested successfully against Sawatzky's ex-

periment and exact analytical solutions on hydrogen

di�usion and hydride precipitation under temperature

gradient.

Based on this model, results on hydrogen embrittle-

ment initiation of a Zircaloy-2 cracked plate, under

tensile stress and temperature gradient, are given. The

initial and boundary conditions approach those en-

countered in the fuel cladding of light water reactors,

during operation. According to the numerical results,

the contribution of stress gradient on hydrogen ¯ux

becomes dominant near the crack tip. This e�ect is at-

tributed to the dependence of the hydrogen chemical

potential and terminal solid solubility on hydrostatic

stress. On the other hand, thermal transport is more

important away from the crack tip. The problem is also

studied by considering near-tip material damage, which

has signi®cant implications on the prediction of hydride

precipitation. Material damage results into signi®cantly

smaller hydride volume fraction near the crack tip.

Acknowledgements

A.G.V. acknowledges the support of ABB Atom AB

under the contracts 4500026874 and 4500028097.

Appendix A. One-dimensional hydrogen di�usion in solid

solution under constant temperature gradient

The following one-dimensional problem of hydrogen

thermal transport has been solved analytically in order

Fig. 9. Hydride volume fraction distribution along the crack

line, as time progresses. Material damage has been taken into

account by de-cohesion model.

Fig. 8. Damage growth ahead of the crack tip.
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to check the performance of the ®nite element code with

respect to hydrogen di�usion. A Zircaloy-2 cylinder of

length L is considered with an initially uniform hydro-

gen concentration. The cylinder is imposed on a linear

temperature distribution, along the axis, and the hy-

drogen concentration is examined, after the elapse of

su�cient time and the development of steady-state

conditions. No stress is applied on the cylinder. The

initial and boundary conditions are designed in order to

produce hydrogen concentration variations only along

the axis of the cylinder. Consequently a one-dimensional

problem is derived, with the following initial:

CHT�t � 0� � C0 � const:; 06 x16 L; �A:1�

and boundary conditions:Z L

0

CHT�x1; t�dx1 � C0L � const:; t P 0: �A:2�

x1 is the axis of the cylinder and CHT is the total hy-

drogen concentration. In the present problem, the initial

hydrogen concentration is below the terminal solid sol-

ubility everywhere in the cylinder. Consequently, hy-

drogen is in solid solution and CHT � CH. Note that the

boundary condition corresponds to zero hydrogen

losses, through the surface of the cylinder. In an exper-

iment, this condition corresponds to the development of

a zirconium oxide layer on the specimen surface, which

is relatively impermeable to hydrogen.

The absolute temperature distribution is given by the

following relation:

T �x1; t� � T0 � �TL ÿ T0� x1

L
; 06 x16 L; t P 0: �A:3�

T0 and TL are the temperatures at the ends of the cylin-

der.

At steady-state, hydrogen ¯ux is zero. Consequently,

hydrogen distribution is governed by the following dif-

ferential equation:

J H
1 � ÿDH dCH

dx1

ÿ DHCHQH

RT 2

dT
dx1

� 0; �A:4�

which is easily integrated to provide the following gen-

eral solution:

CH�x1� � Aexp
QH

RT

� �
: �A:5�

A is an integration constant, which depends on the

boundary conditions:

A � C0 TL� ÿ T0�
Z TL

T0

exp
QH

RT

� �
dT

� �ÿ1

: �A:6�

The integration in relation (A.6) providesZ TL

T0

exp
QH

RT

� �
dT

� TL exp
QH

RTL

� ��
ÿ T0 exp

QH

RT0

� ��
ÿ QH

R
Ei

QH

RTL

� ��
ÿ Ei

QH

RT0

� ��
; �A:7�

where Ei(x) is the exponential integral function [35].

Calculations have been performed for

C0 � 60 ppm � 386:3095 mol=m
3
;

T0 � 773 K and TL � 573 K:

L � 0:025 m and the material properties are presented in

Table 1. The ®nite element mesh, which has been also

used in the simulation of Sawatzky's experiment, is an

orthogonal 0:025� 0:012 m2, which is divided in 20 ´ 10

equal size parallelograms.

The ®nite element results, when steady state is

reached, are compared with the analytical solution in

Fig. 10. The error, de®ned as the maximum discrepancy

of the ®nite element results from the analytical solution,

is 0.027%. Note that the ®nal hydrogen concentration is

below terminal solid solubility. Consequently the above

analysis is valid.

The calculations have been performed, by consider-

ing that hydrogen terminal solid solubility in Zircaloy-2

is given by the relation, CTS � 2� 105 exp�ÿ25 150=RT �
(mol/m3). This relation has been taken from Table 1 of

Ref. [21] and corresponds to dilatometry-cooling mea-

surements of Slattery [36]. According to the above re-

lation, the terminal solid solubility of hydrogen at 573 K

is 1019.24 mol/m3. Note that the hydrogen terminal

solid solubility has been only used for verifying that

Fig. 10. Steady-state hydrogen concentration distribution in a

Zircaloy-2 cylinder, subjected to a constant temperature gra-

dient, derived by mathematical analysis and ®nite element cal-

culations. Hydrogen is in solid solution. No hydrogen losses

were allowed through the specimen surface, before reaching

steady-state conditions.
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hydrogen is in solid solution and it does not in¯uence

the above calculations.

The numerical model has been also compared suc-

cessfully with the following analytical solutions: (i) One-

dimensional hydrogen di�usion in solid solution under

constant stress and temperature gradients; the error

between the numerical and the exact analytical solution

is 0.002%. (ii) One-dimensional hydrogen di�usion and

hydride formation under constant temperature gradient;

the error between the numerical solution and the ap-

proximate analytical solution of Sawatzky [4] is 0.029%.

These problems are discussed in detail in [37].
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